Answer to the first homework problem

I am providing you with the answer to the first homework problem to give you an idea of the
level of detail and style of presentation I would like to see from you.

1. Consider a 9-point difference approximation Aj to the Laplacian with stencil . 5
as shown. Show how to choose the constants «, 5, and 7y so that the scheme nz |
Ajup = f is consistent to fourth order with the equation Au = f.
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Answer: Let (x,y) be a grid point and v a smooth function. The difference scheme is

Aju(z,y) = %{a[u(w —2h,y) + u(x + 2h,y) + u(x,y — 2h) + u(z,y + 2h)]
+Bu(z — h,y) + u(@ + h,y) + ulz,y — h) + u(z,y + h)] + yu(z,y)}-

(1)

We wish to determine values of «, 3, and  so that
2) Aju(z,y) = Au(z, y) + O(hY).
By Taylor’s theorem we have
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where the functions u, du/0z, etc., on the right hand side are evaluated at (x,y). Replacing h by
—h, 2h, and —2h in this equation, we obtain expansions for u(z—h,y), u(zx+2h,y) and u(x—2h,y),
respectively:
2 92 B3 oud 494 5 9,5
pOu WO hTOw W Ou DU ),
ox 2 0z 6 Ox3 24 Oz 120 Ox®
Ou  4h?0%u  8h3oud 16kt Qut  32Rh5 Ou® 6
2 = Qh—— 4 4 20 T il
wrt2hy) =ut et o 5m 6 e T 21 aat T 120 908 T O
ou  4h?9%u  8h3 oud 16h* Ou*  32R5 Ou®
ulxz—-2hy)=u—-2h—+ ——— — — =+ — 5 — ——
Ox 2 Ox2 6 Ox3 24 Ox? 120 0P

Combining these expressions we find that

w(w — hyy) =u —

+ O(h%).

5 {afu(z = 2h,y) + u(e + 20, )] + Blu(e — hyy) + e+ b y)] + Julz,y)
= h %20+ 28+ L)u+ (8a + 2@3@ + (320 + Qﬁ)hj@ +0(hY)
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(Note that the odd-order derivative terms cancel.)
In exactly the same way,

s alu(e,y = 2h) + ulz,y + 20)] + Blule,y — b) -+ uley + B+ Jue, )
= h 220+ 28 + L)u + (8a + 25)3@ + (320 + Qﬁ)hj@ + O(h*)
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Adding these two expressions then gives

- . 2 (0 o) oo
pu=nh (4a+4ﬂ+’y)u+(8a+26)2Au+(32a+2ﬁ)24 8x4+8y4 O(h").
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Therefore (2) holds if and only if
da+4B+v=0, 8a+28=2, 32a+25=0.

This linear system has the unique solution ’ a=-1/12, f=4/3, y=-5 ‘

Thus the 9-point stencil which is consistent to fourth order with the Laplacian is
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